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Problem 1. Bernstein functions
Christian Berg∗
Department of Mathematics, Universitetsparken 5, DK-2100 Copenhagen, Denmark
Recall that a function f : (0,∞) → R is said to be completely monotonic, if f has derivatives of all
orders and satisﬁes
(−1)nf (n)(x)0 for all x > 0 and n= 0, 1, 2, . . . .








is a Stieltjes transform given as
p(x)= 1






x + s ds.
In particular p is completely monotonic.
A function f : (0,∞) → [0,∞) is called a Bernstein function, if f has derivatives of all orders and
f ′ is completely monotonic, cf. [2]. It is well known that if f is a Bernstein function and 0a1, then
f a is again a Bernstein function. We see that x → (1+ 1/x)x is a Bernstein function. We are interested
in the class of functions
fa(x)= (1+ 1/x)ax,
where a0 is a parameter, so we know that fa is a Bernstein function for 0a1.
Open problem. Can fa be a Bernstein function for some a > 1 and if so, ﬁnd the largest a = a0 with
this property.
Using Maple one can see that a0< 3 since f (4)3 (0.4)> 0.
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